Abstract. We obtain constraints on the topology of families of smooth 4-manifolds arising from a finite dimensional approximation of the families SeibergWitten monopole map. Amongst other results these constraints include a families generalisation of Donaldson's diagonalisation theorem and Furuta's 10/8 theorem. As an application we construct examples of continuous Zpactions for any odd prime p, which can not be realised smoothly. As a second application we show that the inclusion of the group of diffeomorphisms into the group of homeomorphisms is not a weak homotopy equivalence for any compact, smooth, simply-connected indefinite 4-manifold with signature of absolute value greater than 8.
Introduction
In a previous paper [3] we showed how the moduli space of the Seiberg-Witten equations for a smooth family of 4-manifolds imposes constraints on the topology of the family. In this paper we instead consider a finite dimensional approximation of the Seiberg-Witten monopole map and again obtain constraints on the topology of the family. There are two main advantages compared to the previous approach. Firstly, the constraints that we obtain from the monopole map are generally stronger than those obtained from the families moduli space. Secondly, the monopole map approach allows up to bypass certain transversality issues which arise in the construction of the families moduli space. On the other hand, there are results in [3] that we have not been able to recover using the Seiberg-Witten monopole map, so it would appear that the two approaches complement one another.
The setting that we are interested in is as follows: let X be a compact, oriented, smooth 4-manifold and let s be a spin c -structure on X. Consider a family of 4-manifolds over a compact smooth base manifold B with fibres diffeomorphic to X. In other words consider a smooth locally trivial fibre bundle π : E → B over B whose fibres are diffeomorphic to X. Suppose that E is equipped with a fibrewise orientation and fibrewise spin c -structure s E/B (that is, a spin c -structure on the vertical tangent bundle) which restricts to s on each fibre. We will say that (E, s E/B ) is a spin c -family over B with fibre (X, s).
To such a spin c family (E, s E/B ) we can associate two topological invariants:
where H + (X) is the vector bundle whose fibre over b ∈ B is the space of harmonic self-dual 2-forms on the corresponding fibre of E (with respect to some choice of smoothly varying fibrewise metric on E) and D is the families index of the spin c Dirac operator of the family (E, s E/B ). By studying the Seiberg-Witten equations of the family (E, s E/B ), or more precisely, by considering a finite dimensional approximation of the Seiberg-Witten equations, we obtain non-trivial constraints on the topology of the classes H + (X) and D. In turn this implies topological constraints for the existence of a spin c family (E, s E/B ) to realise the pair (H + (X), D).
In Sections 2-5, we consider only 4-manifolds with b 1 (X) = 0. However in Section 7 we see that the results of those sections also hold for b 1 (X) > 0 provided there exists a section x : B → E of the family E. Below we summarise the main results of the paper. Throughout we assume that either b 1 (X) = 0 or that there exists a section x : B → E.
Let b + (X) denote the rank of H + (X) and d the rank of D. Then d = (c 1 (s) 2 − σ(X))/8, where σ(X) is the signature of X. Our first result can be thought of as the families Seiberg-Witten generalisation of Donaldson's diagonalisation theorem: Theorem 1.1. Let (E, s E/B ) be a spin c -family over B with fibre (X, s).
• If the Euler class e(H + (X)) of H + (X) is non-zero, then c 1 (s) 2 ≤ σ(X). Moreover e(H + (X))s j (D) = 0 whenever j > −d, where s j (D) is the j-th Segre class of D (see Section 3).
• If the K-theoretic Euler class of H + (X) C = H + (X) ⊗ R C is non-zero then c 1 (s) 2 ≤ σ(X). Moreover e K (H + (X) C )S j (D) = 0 whenever j > −d, where S j (D) ∈ K 0 (B) denotes the j-th symmetric power of D.
In the case that the spin c -structure of the family (E, s E/B ) comes from a spin structure, we say that (E, s E/B ) is a spin family. Using the P in(2)-symmetry of the Seiberg-Witten equations for spin structures, we obtain the following results: 
for some η ∈ K 0 (B), where ψ 2 denotes the 2nd Adams operation. Moreover, if e K (H + (X) C ) = 0 then there exists η ′ ∈ K 0 (B) such that in K 0 (B)/torsion we have:
In Section 6, instead of families we consider the G-equivariant Seiberg-Witten monopole map for a finite group G acting smoothly on a 4-manifold X equipped with a lift of the action to the spin bundles of (X, s). We obtain G-equivariant analogues of the above theorems. In Sections 8-9, we specialise to the case the G is a finite cyclic group of prime order. Already in this case our main results imply some interesting non-trivial constraints for actions of finite cyclic groups on 4-manifolds.
Consider first the case of smooth Z 2 -actions. Let f : X → X be the generator and suppose f preserves the isomorphism class of a spin c -structure s on X. Then we can choose a liftf of f to the associated spinor bundles satisfyingf 2 = 1 and this lift is unique up to an overall sign changef → −f . Let d ± denote the virtual dimensions of the ±1 virtual eigenspaces off on D. Choose an f -invariant metric so that Z 2 = f acts on H + (X). We let H + (X) Z2 denote the invariant subspace.
Now suppose that X is spin and that f preserves a spin structure s. Recall that f is said to be of even type if it can be lifted to an involution on the associated principal Spin(4)-bundle. Theorem 1.5. Suppose that f preserves a spin structure s and f is of even type with respect to s.
By way of comparison we note that by a Theorem of Bryan [6, Theorem 1.5], if f preserves a spin structure (where f is not necessarily even) and σ(X) < 0, then
Now we consider Z p actions for an odd prime p. Let f : X → X be the generator and suppose f preserves the isomorphism class of a spin c -structure s. Then we can choose a liftf of f to the associated spinor bundles satisfyingf p = 1. Such a lift is uniquely determined up to multiplication by a p-th root of unity. For 0 ≤ j ≤ p − 1 we let d j denote the dimension of the ω j virtual eigenspace off on D where ω = exp(2πi/p). Theorem 1.6. Suppose that H + (X) Zp = 0. Then for any f -invariant spin cstructure s, we have d j ≤ 0 for each j.
We consider an application of these results to non-smoothability of certain continuous Z p -actions. Denote by E 8 the unique compact simply connected topological 4-manifold with intersection form E 8 and let −E 8 denote the same manifold with the opposite orientation. Theorem 1.7. Let p be an odd prime and let b, g be integers with g(p − 1) ≥ 3bp and b ≥ 1. Let X be the topological 4-manifold
of order p with the following properties:
(i) f can be realised by the induced action of a continuous, locally linear Z paction on X. (ii) If g(p − 1) > 3bp then f can be realised by the induced action of a diffeomorphism X → X, where the smooth structure is obtained by viewing X as #(g(p − 1) − 3bp)(S 2 × S 2 )#pb(K3). (iii) f can not be induced by a smooth Z p -action for any smooth structure on X.
We finish off the paper with an application of our obstruction theorems to the existence of non-smoothable families. For a smooth 4-manifold X we let Homeo(X) denote the group of homeomorphisms of X with the C 0 -topology and Dif f (X) the group of diffeomorphisms of X with the C ∞ -topology. This application was suggested to the author by Hokuto Konno and generalises a result of Kato-KonnoNakamura [9, Corollary 1.5]:
Theorem 1.8. Let X be a compact, smooth, simply-connected 4-manifold with |σ(X)| > 8 and indefinite intersection form. Then:
• If X is non-spin, there exists a topological fibre bundle E → B with fibres homeomorphic to X and B is a torus of dimension min{b + (X), b − (X)} such that E is non-smoothable, i.e. E does not admit a reduction of structure to Dif f (X).
• If X is spin, there exists a topological fibre bundle E → B with fibres homeomorphic to X and B is a torus of dimension min{b + (X), b − (X)} − 2 such that E is non-smoothable.
Using an obstruction theory argument we obtain the following corollary:
Corollary 1.9. Let X be a compact, smooth, simply-connected 4-manifold with |σ(X)| > 8 and indefinite intersection form. Then the inclusion Dif f (X) → Homeo(X) is not a weak homotopy equivalence. More precisely:
Remark 1.10. Consider the case where X is a compact, smooth, simply-connected 4-manifold with b + (X) = 1 and
is not an isomorphism. In fact, Theorem 1.8 gives a non-smoothable family over the circle. Such a family is the mapping cylinder of a homeomorphism f : X → X and non-smoothability implies that f is not isotopic to a diffeomorphism. We deduce that π 0 (Dif f (X)) → π 0 (Homeo(X)) is not surjective for such 4-manifolds.
A brief outline of the contents of this paper is as follows: in Section 2 we describe the setup to be used in this paper and recall that a finite dimensional approximation of the families Seiberg-Witten monopole map can be constructed. In Section 3 we study the action of the monopole map on S 1 -equivariant cohomology to obtain non-trivial topological constraints on the family. In Section 4 we consider the action of the monopole map on S 1 -equivariant K-theory. In Section 5, we consider spin families, in which case the monopole map has P in(2) symmetry. We study the action of the monopole map on P in(2)-equivariant cohomology and K-theory. In Section 6 we adapt our setup to the equivariant setting with respect to a finite group. In Section 7 we show how the results of the previous sections can be carried over to the case b 1 (X) > 0 provided the family admits a section. We consider Z 2 -actions in Section 8 and Z p -actions in Section 9. Finally, we consider an application to the existence of non-smoothable families in Section 10.
Setup
Let X be a compact, oriented, smooth 4-manifold. For the time being we will assume that b 1 (X) = 0. The case b 1 (X) > 0 will be dealt with in Section 7. Let s be a spin c -structure on X with characteristic c = c 1 (s) ∈ H 2 (X; Z). Let d = (c 2 − σ(X))/8 be the index of the associated spin c Dirac operator.
Let B be a compact smooth manifold. As in the introduction, we consider a spin c -family (E, s E/B ) over B with fibres diffeomorphic to (X, s). This consists of a locally trivial fibre bundle π : E → B with fibres diffeomorphic to X and additionally E is equipped with a fibrewise orientation and fibrewise spin c -structure s E/B which restricts to s on each fibre.
Let S 1 act on C by scalar multiplication and trivially on R. Taking a finite dimensional approximation of the Seiberg-Witten monopole map for (X, s) gives an S 1 -equivariant map
Here T + denotes the one-point compactification of T . The stable equivariant homotopy class of f defines the Bauer-Furuta invariant of (X, s) [5] and it can be used to recover the SeibergWitten invariant of (X, s) when b + (X) > 1. If s comes from a spin structure, then the finite dimensional approximation of the monopole map can be taken equivariant with respect to the larger group P in(2) = S 1 ∪ jS 1 :
and where R − is the representation of P in(2) such that S 1 acts trivially and j acts as multiplication by −1.
An important property of the finite dimensional approximation is that f can be chosen so that its restriction f
The existence of such a map already implies non-trivial conditions on X. For instance, if b + (X) = 0 then one can show that d ≤ 0, so that c 1 (s) 2 ≤ σ(X) for any spin c -structure on X. This inequality is known to imply that the intersection form on X is diagonal, which is Donaldson's diagonalisation theorem.
In the same way, we will show that the existence of a finite dimensional approximation of the monopole map for a spin c -family (E, s E/B ) implies non-trivial conditions on the topology of the family. In the families setting, the finite dimensional approximation f is replaced by a family of such maps parametrised by B. To formulate this properly we introduce some notation. Let V, V ′ be complex vector bundles over B of ranks a, a ′ and let U, U ′ be a real vector bundles over B of ranks b, b ′ . We let S 1 act on V, V ′ by scalar multiplication in the fibres and act trivially on U, U ′ . The finite dimensional approximation of the families Seiberg-Witten monopole map is an S 1 -equivariant map of sphere bundles
where S V,U , S V ′ ,U ′ denote the fibrewise one-point compactifications of V ⊕ U and V ′ ⊕ U ′ respectively (a detailed construction of the map f is given in [4] . See also [13] ). Moreover, the following relations hold in K 0 (B) and KO 0 (B) respectively:
where D ∈ K 0 (B) is the families index of the fibrewise spin c Dirac operator of the family (E, s E/B ) and H + (X) is the vector bundle on B whose fibre over b ∈ B is the space of harmonic self-dual 2-forms on the fibre of E over b (after fixing a choice of smoothly varying fibrewise metric on E). By stabilising, we can assume that V ′ , U ′ are trivial vector bundles, or alternatively, that V, U are trivial. Furthermore, since H + (X) is a genuine vector bundle we can even assume that
If the families spin c -structure s E/B can be lifted to a families spin structure, then we can take V, V ′ to be quaternionic vector bundles and we may take f to be P in(2)-equivariant, where P in(2) acts on V, V ′ according to the quaternionic structures, j acts on U, U ′ as multiplication by −1 and S 1 acts trivially on U, U ′ .
There are two further properties of the map f that we need to use in order to extract useful results, both of which are shown in [4] . First, we may assume that
. Second, we may assume that f sends the point at infinity in any fibre of S V,U to the point at infinity of the corresponding fibre of S V ′ ,U ′ . Stated differently, we let B V,U ⊆ S V,U denote union of the points at infinity in each fibre and similarly define
As we will see in the following sections, the existence of such a map f imposes non-trivial constraints on the classes
, which in turn imposes constraints on the topology of the family E → B itself.
Cohomological constraints
Suppose we are in the setup of Section 2, so we have a spin c -family (E, s E/B ) from which we obtain a finite dimensional approximation of the families monopole map:
where f is S 1 -equivariant. Denote the complex ranks of V, V ′ as a, a ′ and the real ranks of U,
Given an S 1 -equivariant cohomology theory E * S 1 , one can consider the induced map
Moreover we have seen that U ′ can be taken to be U ⊕ H + (X) and f | SU to be the inclusion ι : U → U ′ . We will also stabilise f in such a way that V, U are trivial bundles:
Recall that H *
is the first Chern class of the universal principal circle bundle
. For any real oriented vector bundle W → B of rank r, equipped with the trivial circle action, the equivariant cohomology
-module of rank 1 with generator
is the equivariant Euler class. Similarly, if W is any complex vector bundle of complex rank r equipped with the action of S 1 by fibrewise scalar multiplication, the the equivariant cohomology H *
is the equivariant Euler class. Let us temporarily assume that H + (X) is orientable and fix an orientation. Let
On the other hand, since H *
. Applying i * , we obtain:
Equating multiples of τ S 1 (U ), we have shown that:
. Suppose that C is a complex vector bundle of rank r. Let S 1 act on C fibrewise by scalar multiplication. Then the equivariant Euler class is given by:
On the other hand if W is a real oriented vector bundle of rank r, equipped with the trivial S 1 -action, then e S 1 (W ) is just the usual non-equivariant Euler class e(W ) pulled back to equivariant cohomology. Applying these remarks to Equation (3.1), we have:
In the general case where H + (X) is not necessarily oriented, we still have equivariant Thom classes and Euler classes provided we use local coefficients. In particular, the Euler class of H + (X) is now a class e(H + (X)) ∈ H b+(X) (B, Z w ), where w = w 1 (H + (X)) and Z w is the local system with coefficient group Z determined by w. The above discussion carries over to this case and we obtain:
For any complex virtual vector bundle V → B, and any integer j ≥ 0, we define the j-th Segre class of V [8, §3.2] to be the cohomology class s j (V ) ∈ H 2j (B; Z) given by s j (V ) = c j (−V ). Equivalently, letting c(V ) = 1 + c 1 (V ) + c 2 (V ) + · · · denote the total Chern class of V and s(V ) = s 0 (V ) + s 1 (V ) + s 2 (V ) + · · · the total Segre class, we have that s(V ) is uniquely determined by the equation
is the virtual vector bundle D = V − V ′ and we have assumed that V = C a is a trivial bundle. It follows that the Chern classes of V ′ are the Segre classes of D:
Proof. By the above remarks on Segre classes, Equation (3.2) can be re-written as:
Suppose that e(H + (X)) = 0. Then Equation (3.2) implies that β = 0. Recall that
. Let us expand β as:
where β j ∈ H b+(X)−2d−2j (B; Z w ) and β m = 0. Substituting for β, we have:
Since e(H + (X)) = 0, the leading power of x on the left hand side is x a ′ . Similarly, since β m = 0, the leading power of x on the right hand side is x m+a . Equating these gives a
Equating coefficients of x a ′ −j , we get e(H + (X))s j (D) = 0, because the right hand side is a multiple of x a .
K-theoretic constraints
In this section we repeat the arguments of the previous section, using equivariant complex K-theory instead of equivariant cohomology. For this we need to recall the K-theoretic Thom and Euler classes.
. Let W → B be a real oriented vector bundle of rank r equipped with a spin c -structure and give W the trivial circle action. Then the equivariant K-theory K *
is the equivariant K-theoretic Euler class. Similar statements hold in the case of a complex vector bundle W equipped the action of S 1 by fibrewise scalar multiplication. Note that in this case W is equipped with a canonical spin c -structure arising from the complex structure.
For a real vector bundle which is not spin c , we can still define K-theoretic Thom and Euler classes, provided we work with twisted K-theory groups. For simplicity, we will avoid this situation and work only with untwisted K-theory. As we will see below, in the case that H + (X) is not spin c we can still extract information by a doubling trick. Let us first assume that H + (X) can be given a spin c -structure and fix such a choice. The arguments used in Section 3 directly carry over to K-theory and the analogue of Equation (3.1) is:
. Next we recall that for a complex vector bundle W of rank r, the K-theoretic Euler class is given by
In our case V ∈ K 0 (B) is a complex vector bundle on B which is made S 1 -equivariant by letting S 1 act by scalar multiplication. In terms of equivariant K-theory this simply means that we should replace V by V ⊗ ξ ∈ K 0 S 1 (B) and similarly replace V ′ by V ′ ⊗ ξ. Substituting into Equation (4.1) and assuming V = C a is a trivial bundle gives:
Proposition 4.1. Let (E, s E/B ) be a spin c -family over B with fibre (X, s), where
In the general setting where H + (X) need not admit a spin c -structure, we could attempt to carry out the above construction using twisted K-theory. Instead we will follow a different approach. Consider the fibrewise smash product of f by itself:
Then f ∧ B f is also an S 1 -equivariant map between sphere bundles and we can study it in exactly the same way that we have been doing for f . The effect of this doubling trick is to replace V, V ′ , U, U ′ by their doubles V ⊕V,
has a natural complex structure, it also has an induced spin c -structure and so we can apply the same reasoning used above to deduce that:
C is the complexification of a real bundle.
Recall that the exterior power and symmetric power operations ∧ j , S j can be extended to virtual vector bundles and define operations on K-theory ∧ j , S j :
Theorem 4.2. Let (E, s E/B ) be a spin c -family over B with fibre (X, s). Then if
Proof. Equation (4.3) gives: Recall that V = C a is a trivial bundle of rank a. Hence we have an equality of formal power series in ξ −1 :
Next, since m = 0, we see that γ involves only negative powers of ξ. Then multiplying both sides of (4.4) by (1/(1 − ξ −1 )) 2a we get the following equality of formal power series in ξ −1 :
Then since the highest power of ξ −1 that appears on the right is ξ −2d , it follows that e
C is the complexification of a real bundle, we also get that e K (H + (X) C )S j (D) = 0 whenever j > −d.
Monopole map for spin families
In this section we consider the monopole map for a spin family (E, s E/B ) with fibre (X, s) over a base B. Recall that it is a P in(2)-equivariant map
where V, V ′ are quaternionic vector bundles of ranks 2a, 2a ′ , U, U ′ are real bundles of ranks b, b ′ , P in(2) acts fibrewise on V, V ′ through the quaternionic structures, j acts on U, U ′ as multiplication by −1 and S 1 acts trivially on U, U ′ . As usual we also assume that V, U are trivial.
We first consider P in(2) equivariant cohomology. Following [10] , it is useful to view P in(2) as a subgroup of Sp(1) = SU (2). Identifying SU (2) with the unit 3-sphere S 3 ⊂ C 2 , we see that SU (2)/S 1 = CP 1 . One then finds that j acts on CP 1 as the antipodal map so that SU (2)/P in(2) = RP 2 . Next, we view BSU (2) = ESU (2)/SU (2) as HP ∞ . We can then identify BP in(2) with ESU (2)/P in(2) and we obtain a fibration
Recall that H * (HP
, where v = −c 2 (V ) and V → BSU (2) = HP ∞ is the universal SU (2) bundle. The Leray-Serre spectral sequence immediately implies that
and
Assume temporarily that U, U ′ are equivariantly orientable, that is, assume U, U ′ are orientable and that the action of j preserves orientations. Then by the Thom isomorphism H * P in(2) (S V,U , B V,U ; Z) and H * P in(2) (S V ′ ,U ′ , B V ′ ,U ′ ; Z) are free H * P in(2) (B; Z)-modules generated by τ P in(2) (V ⊕ U ) and τ P in(2) (V ′ ⊕ U ′ ). We then have:
for some β ∈ H b+(X)−2d P in (2) (B; Z). Arguing as we did in Section 3, we find that:
for some β ∈ H b+(X)−2d P in (2) (B; Z). Here e P in(2) (W ) denotes the P in(2)-equivariant Euler class of a vector bundle W . Suppose that W is a quaternionic vector bundle of complex rank 2r. Let P in(2) acts fibrewise through the quaternionic structure. Then the P in(2)-equivariant Euler class is the restriction to P in(2) of the corresponding Sp(1)-equivariant Euler class e Sp(1) (W ) ∈ H * Sp(1) (B; Z) = H * (B; Z) [v] .
Pulling back to S 1 -equivariant cohomology, we get a map
To see this note that the universal SU (2) bundle pulled back to
But since e Sp(1) (W ) pulls back to e S 1 (W ), it follows that
Next, consider the homomorphism P in(2) → Z 2 which sends j to −1 and sends S 1 to the identity. Let W be a real vector bundle of rank r and let P in(2) acts on W by letting j acts as −1 on the fibres and letting S 1 act trivially. Then e P in(2) (W ) is the pullback of e Z2 (W ) to P in(2)-equivariant cohomology. We can re-write Equation (5.1) as:
In the general case where U, U ′ need not be equivariantly orientable, the above argument works provided we use local coefficients. The equivariant Euler class of H + (X) is now a class e Z2 (H + (X)) ∈ H b+(X) Z2 (B; Z w ), where w = w 1,Z2 (H + (X)) ∈ H 1 Z2 (B; Z 2 ) is the equivariant first Stiefel-Whitney class of H + (X) and Z w is the corresponding local system on B × BZ 2 with coefficient group Z determined by w. Then Equation (5.1) still holds for some β ∈ H b+(X)−2d P in (2) (B; Z w ). Arguing exactly as in the proof of Theorem 3.1, we obtain: Theorem 5.1. Let (E, s E/B ) be a spin family over B with fibre (X, s). Then if the image of e Z2 (H + (X)) in H * P in(2) (B; Z w ) is non-zero, we have d ≤ 0. To use this theorem effectively, we need to be able to compute e Z2 (H
(B; Z w ), or at least determine when it is non-zero. Note that upon reduction to Z 2 coefficients e Z2 (H + (X)) reduces to w b+(X),Z2 (H
(B; Z 2 ), the top equivariant Stiefel-Whitney class of H + (X). We observe that
is the first Stiefel-Whitney class of the line bun-
Recall that H + (X) is made into a Z 2 -equivariant line bundle by having the generator of Z 2 act fibrewise by −1. It follows that w b+(X),Z2 (H + (X)) coincides with w b+(X) (H
. From this we find:
We must consider whether this class is non-zero after pulling back to P in(2)-equivariant cohomology. Recall that u 3 = 0 in H * P in(2) (pt; Z 2 ). Thus: w b+(X),P in(2) (H + (X)) = w b+(X) (H + (X))+uw b+(X)−1 (H + (X))+u 2 w b+(X)−2 (H + (X)).
We thus have:
Corollary 5.2. Let (E, s E/B ) be a spin family over B with fibre (X, s).
Remark 5.3. Note that since s is a spin structure, we have d = −σ(X). When B = pt, Corollary 5.2 gives that if X is a smooth spin 4-manifold with b 1 (X) = 0 and b + (X) ≤ 2, then σ(X) ≥ 0. This shows for example that the topological 4-manifold # 2 (S 2 × S 2 )# 2 E 8 has no smooth structure. Now we consider P in(2)-equivariant K-theory. To avoid issues of K-orientability, we repeat the trick used in Section 4 and replace f with its double. Actually we need to modify the construction a little to account for the P in(2)-symmetry. Let
denote the map f , but where we use the complex conjugate circle action on the domain and target. Now we consider the "complexification" of f , namely the map
Note that we can identify the complex vector bundle V ⊕V with the complexification V ⊗ R C, where the complex structure i on C corresponds to i = diag(I, −I) on V ⊕V . Now let J : V → V denote the quaternionic structure on V . Then V ⊗ R C admits an action of the quaternions commuting with the complex structure i. Under the identification V ⊗ R C ∼ = V ⊕V , we can define the action of the quaternions on V ⊕V to be given byÎ,Ĵ,K, wherê
The point of this exercise is that we obtain a quaternionic structure on V C = V ⊕ V commuting with the natural complex structure i = diag(I, −I) and hence an action of Sp (1) by complex linear isomorphisms. A similar remark holds for V ′ ⊕ V ′ . Now by an argument similar to that used in Section 4, we obtain:
for some γ ∈ K 0 P in(2) (B). In the above equation, we pull back classes in Z 2 -and Sp(1)-equivariant cohomology by the natural maps P in(2) → Z 2 and P in(2) → Sp(1).
As abelian groups
] is free abelian with generators 1, 1 − , where 1 denotes the trivial representation and 1 − the sign representation. K 0 P in(2) (pt) = R[P in (2) ] is free abelian with generators 1, 1 − , µ j , j ≥ 1, where µ j restricts to
Recall that we make H + (X) C into a P in(2)-equivariant bundle by letting j act as −1. It follows that:
Next, let W be any complex vector bundle with an action of the quaternions by complex linear isomorphisms. Since I 2 = −1, we can decompose W into the ±i eigenspaces of I. Let W 0 denote the +i-eigenspace. Then since J anti-commutes with I it exchanges the ±i eigenspaces isomorphically. It follows that we can identify W with W 0 ⊕ W 0 and I, J with
It follows that W = µ 1 ⊗ C W 0 as complex vector bundles equipped with actions of the quaternions. In particular, if W is of the form
To compute this class we will use the splitting principle in K-theory. If V is a sum V = ⊕ a i=1 V i of line bundles then:
Now we consider the homomorphism tr j :
given by evaluating the character of P in(2) representations at j. Under this map the trivial representation is sent to 1, the representation 1 − is sent to −1 and µ k is sent to 0 for all k ≥ 1. Therefore we have:
where ψ 2 is the second Adams operator and the last equality follows from V ∼ = V * (since V has a quaternionic structure). Similarly tr j (e
. Putting all this together, we have shown:
Theorem 5.4. Let (E, s E/B ) be a spin family over B with fibre (X, s). Then
for some η ∈ K 0 (B).
Theorem 5.4 can be improved by a factor of 2 if the K-theoretic Euler class of H + (X) C vanishes and we are willing to sacrifice torsion:
Theorem 5.5. Let (E, s E/B ) be a spin family over B with fibre (X, s).
/torsion we have:
Proof. Our proof is similar to arguments used in [6] . Starting from Equation (5.3), we have
given by evaluating the character of P in(2) representations at ξ. We have tr ξ (µ k ) = ξ k + ξ −k and tr ξ (1) = tr ξ (1 − ) = 1. Using the splitting principle to write V = a i=1 V i , we find
Thus if we apply tr ξ to (5.4), we get:
We claim this implies that tr ξ (γ) = 0 for all ξ ∈ S 1 . To see this we first note that
can be written as a monic degree 2a polynomial in ξ with coefficients in K 0 (B) C :
Further, we may write γ as γ = γ 0 + γ 0 1 − + i≥1 γ i µ i for some γ 0 , γ 0 , γ i ∈ K 0 (B), where only finitely many of the γ i are non-zero. Then
Since only finitely many of the γ i are non-zero, there exists an m ≥ 0 such that y(ξ) = ξ m tr ξ (γ) is a polynomial in ξ with coefficients in K 0 (B) C . Suppose that tr ξ (γ) = 0. Then y(ξ) is a non-zero polynomial. Let r ≥ 0 be the degree of y(ξ), so y(ξ) = y r ξ r + · · · + y 0 for some y 0 , . . . , y r ∈ K 0 (B) C with y r = 0. From (5.5) we get that y(ξ)(ξ 2a + · · · + c 2a ) = 0 for all ξ ∈ S 1 . However if B is a compact finite dimensional manifold, then K 0 (B) C is finite dimensional over C and hence the polynomial y(ξ)(ξ 2a + · · · + c 2a ) vanishes for all ξ ∈ C. But if y(ξ)(ξ 2a + · · · + c 2a ) = y r ξ 2a+r + · · · + y 0 c 2a vanishes for all ξ then (using finite dimensionality of K 0 (B) C ) it follows that y r = 0, a contradiction. It follows that tr ξ (γ) = 0 for all ξ ∈ S 1 . This can only happen if γ 0 = γ 0 and
for some η ∈ K 0 (B). Applying tr j and arguing as in the proof of Theorem 5.4 we now obtain:
Remark 5.6. If we take B = {pt} to be a point and assume b + (X) > 0, then Theorem 5.5 reduces to the statement that 2 b+(X)+2a
, which is Furuta's 10/8 inequality.
G-equivariant monopole map
In this section we consider an equivariant monopole map with respect to a finite group G acting on X by orientation preserving diffeomorphisms. We assume that G preserves the isomorphism class of a spin c -structure s but does not necessarily lift to a G-action on the spinor bundles. The G-equivariant Bauer-Furuta invariant was constructed in [14] and we refer the reader to [14] for the details of the construction.
To construct a finite dimensional approximation of the families Seiberg-Witten monopole map one needs to choose a metric and reference spin c -connection. By averaging, we can assume that the metric has been chosen G-invariantly. Lifting the action of G to the spinor bundles, we obtain a central extension
where S 1 acts as constant gauge transformations. Note that this is a split extension if and only if the G-action can be lifted to a G-action on the spinor bundles. In such a case G ∼ = S 1 × G and we say that the G-action is liftable.
By averaging over G, we can assume a reference spin c -connection has been chosen G-invariantly. It then follows that the finite dimensional approximation of the Seiberg-Witten monopole map can be constructed G-equivariantly. Therefore we obtain a G-equivariant map:
where V, V ′ are complex representations of G and U, U ′ are real G-representations. Moreover the S 1 subgroup of G acts in the usual way, namely as scalar multiplication in the fibres of V, V ′ and trivially on U, U ′ . The following relations hold in K 0 G (pt) and KO 0 G (pt) respectively:
where
is the G-equivariant index of (X, s) and H + (X) is the space of harmonic self-dual 2-forms on X.
The results of the previous sections can be enhanced to the G-equivariant setting (and setting B = {pt}). We will summarise these results below. The analogue of Equation (3.1) is:
, where w is the equivariant first Stiefel-Whitney class of H + (X). 
Proof. First note that since G is liftable, we have
, where x is the generator of H 2 S 1 (pt; Z). Bearing this in mind, the proof of Theorem 3.1 is easily seen to adapt to the G-equivariant setting.
Turning to K-theory, let us first assume that H + (X) can be given a G-equivariant spin c -structure and fix such a choice. The analogue of Equation (4.1) is:
Without assuming a G-equivariant spin c -structure on H + (X) we can replace f by its "complexification" f ∧ f , and obtain:
Theorem 6.2. Let G act smoothly on X preserving the isomorphism class of s.
Suppose that the G-action is liftable. Then if e
. Then it is fairly straightforward to adapt the proof of Theorem 4.2 to the Gequivariant setting. Now we consider the case where X is given a spin structure whose isomorphism class is preserved by G. In this case the group of lifts of G to automorphisms of the spin principal bundle defines a central extension:
This is a split extension if and only if the G-action can be lifted to a G-action on the associated principal Spin(4)-bundle. In such a case G ∼ = Z 2 × G and we say that the G-action is spin-liftable. Next, we define P in G (2) = G × Z2 P in (2), where Z 2 is taken as a subgroup of P in(2) via Z 2 ⊂ S 1 ⊂ P in (2) . This group acts on the spinor bundles in the obvious way. Note also that if G is spin-liftable then
Taking as usual a finite dimensional approximation of the monopole map, we obtain a P in
where V, V ′ are quaternionic representations of ranks 2a, 2a ′ , U, U ′ are real representations of ranks b, b ′ , P in(2) acts on V, V ′ through the quaternionic structures, j acts on U, U ′ as multiplication by −1 and S 1 acts trivially on U, U ′ . Arguing as in Section 5, we have
. Adapting the proof of Theorem 5.4, we obtain: Theorem 6.3. Let G act smoothly on X preserving the isomorphism class of a spin structure s. Suppose that the G-action is spin-liftable. Then:
As in Section 4 we can improve this result by a factor of 2 if the K-theoretic Euler class of H + (X) C vanishes and we sacrifice torsion:
Theorem 6.4. Let G act smoothly on X preserving the isomorphism class of a spin structure s. Suppose that the G-action is spin-liftable and that e
for some η ∈ K 0 G (pt). Remark 6.5. Let G act smoothly on X preserving the isomorphism class of a spin cstructure s and suppose the G-action is spin c -liftable. Then we can consider the restriction of the monopole map f : S V,U → S V ′ ,U ′ to the G-fixed point set gives an S 1 -equivariant map
where 
where V, V ′ , U, U ′ are vector bundles over B satisfying
From this point onwards, we can study the map f in exactly the same way as we did for the case b 1 (X) = 0 in the previous sections. In summary we have:
The results of the Sections 3-5 directly carry over to the case b 1 (X) > 0, provided there exists a section x : B → E.
Similarly, we can consider the G-equivariant monopole map for 4-manifolds with b 1 (X) > 0. In this case a construction parallel to that of [4, Example 2.4] will work provided there exists a fixed point of the G-action. Hence:
The results of Section 6 carry over to the case b 1 (X) > 0 provided there exists a fixed point of the G-action.
Z 2 -actions
Let X be a compact, oriented, smooth 4-manifold and let f : X → X be an orientation preserving involutive diffeomorphism. Assume that either b 1 (X) = 0 or that there exists a fixed point of f . By averaging, there exists an f -invariant metric and using this metric we get an action of Z 2 on H + (X). Suppose that f preserves the isomorphism class of a spin c -structure s on X. Then we can choose a liftf of f to the associated spinor bundles. Moreover the lift can be chosen so thatf Proof. We let G = Z 2 and consider the G-equivariant family over B = {pt}. The existence of an involutive liftf shows that the G-action is liftable and
is generated by the two irreducible representations C 0 , C 1 , where C i is the 1-dimensional representation such that f acts as (−1)
. The factors of 2 in the exponents occur because
⊕C
2a− and similarly for V ′ . Applying the homomorphism tr f : R[G] → Z which sends a representation W to the trace tr f (W ), we get the following equality
Since h is a Laurent polynomial it can be written in the form h = ξ m q(ξ −1 ), where q(ξ −1 ) is a polynomial in ξ −1 and m is an integer. After re-arranging, we have
But the right hand side is a polynomial in ξ
Now suppose that X is spin and that f preserves a spin structure s. Letf denote a lift of f to the associated principal Spin(4)-bundle. Thenf 2 = ±1. Recall that f is said to be of even type iff 2 = 1 and of odd type iff 2 = −1. If f is of even type then the fixed point set consists entirely of isolated points. If f is of odd type then the fixed point set consists entirely of orientable surfaces. Theorem 8.2. Suppose that f preserves a spin structure s and f is of even type.
Proof. Let Z 2 act on the sphere S b+(X) by the antipodal map, so the quotient space is RP b+(X) . We will take our family to be E = X × Z2 S b+(X) → RP b+(X) . If X has negative signature then d > 0, so by Corollary 5.2 we must have w i (H + (X)) = 0 for i ≥ b + (X) − 2. However H + (X) is the flat bundle S b+(X) × Z2 H + (X) associated to the action of f on H + (X). As a representation of Z 2 , we have
where R is the trivial representation, R − is the sign representation and u + v = b + (X). Let x ∈ H 1 (RP b+(X) ; Z 2 ) be the generator of the cohomology of RP b+(X) with Z 2 -coefficients. Then the total Stiefel-Whitney class of H + (X) is easily seen to be (1 + x) v . In particular, w v (H + (X)) = 0. Hence v ≤ b + (X) − 3 and u ≥ 3.
Z p -actions
Let X be a compact, oriented, smooth 4-manifold. Let p be an odd prime an consider an action of Z p on X generated by a diffeomorphism f : X → X of order p. Assume that either b 1 (X) = 0 or that there exists a fixed point of f . Clearly f is orientation preserving since p is odd. By averaging, there exists a Z p -invariant metric and using this metric we get an action of Z p on H + (X). Suppose that f preserves the isomorphism class of a spin c -structure s on X. Then we can choose a liftf of f to the associated spinor bundles satisfyingf p = 1. Such a lift is uniquely determined up to multiplication by a p-th root of unity. For 0 ≤ j ≤ p − 1 we let d j denote the dimension of the ω j virtual eigenspace off on D where ω = exp(2πi/p). Proof. We let G = Z p and consider the G-equivariant family over B = {pt}. By the existence of a liftf satisfyingf p = 1, the G-action is liftable and
is generated by the irreducible representations C j , 0 ≤ j ≤ p − 1, where C j is the 1-dimensional representation such that f acts as ω j . As a representation of G, we have:
for some non-negative integers h 0 , . . . , h p−1 . Moreover h j = h p−j since H + (X) C is the complexification of a real representation. Note also that h 0 = 0 because of the assumption that H + (X) Zp = 0. Similarly, we write V, V ′ as: (1 − ω j ξ −1 )
−dj−dp−j But the right hand side is a polynomial in ξ Now suppose that X is spin and that f preserves a spin structure s. Letf denote a lift of f to the associated principal Spin(4)-bundle. Thenf p = ±1. Replacingf by −f if necessary, we can assume thatf p = 1 and this uniquely determinesf . 
Application to non-smoothable families
In this Section, we consider an application of our main obstruction results to the existence of non-smoothable families of 4-manifolds. For a smooth 4-manifold X we let Homeo(X) denote the group of orientation preserving homeomorphisms of X with the C 0 -topology and Dif f (X) the group of orientation preserving diffeomorphisms of X with the C ∞ -topology. The natural inclusion Dif f (X) → Homeo(X) is continuous, but not a closed embedding.
Definition 10.1. Let B be a compact smooth manifold.
• By a continuous family of 4-manifolds over B with fibres homeomorphic to X, we mean a topological fibre bundle π : E → B with fibres homeomorphic to X with transition functions in Homeo(X).
• We say that π : E → B is smoothable with fibres diffeomorphic to X if there exists a reduction of structure group of E to Dif f (X).
To be more explicit, a continuous family π : E → B with fibres homeomorphic to X is smoothable with fibres diffeomorphic to X if E can be constructed from an open cover {U i } of B and with transition functions given by continuous maps g ij : U ij → Dif f (X). The underlying topological fibre bundle is then given by composing the transition functions g ij with the inclusion Dif f (X) → Homeo(X).
As explained in [4, §4.2], it follows from a result of Müller-Wockel [11] that E is smoothable with fibres diffeomorphic to X if and only if E admits the structure of a smooth manifold such that π : E → B is a submersion and the fibres of E with their induced smooth structure are diffeomorphic to X (this is the notion of a smooth family that we have been using throughout the paper).
Remark 10.2. All the 4-manifolds we consider in this section will be oriented and have non-zero signature. In this case every homeomorphism is automatically orientation preserving. Theorem 10.3. Let X be a compact, smooth, simply-connected 4-manifold with |σ(X)| > 8 and indefinite intersection form. Then:
• If X is non-spin, there exists a topological fibre bundle E → B with fibres homeomorphic to X and B is a torus of dimension min{b + (X), b − (X)} such that E is non-smoothable.
• If X is spin, there exists a topological fibre bundle E → B with fibres homeomorphic to X and B is a torus of dimension min{b + (X), b − (X))}−2 such that E is non-smoothable. Proof. We consider the spin case first. We may as well assume σ(X) < 0 and then X is homeomorphic to #a(S 2 × S 2 )#2b(−E 8 ) for some a ≥ 0, b > 0. Note that a = b + (X) ≥ 3 by the 10/8 inequality. Let (S 2 × S 2 ) 1 , . . . , (S 2 × S 2 ) a denote the a summands of #a(S 2 × S 2 ). Let f j : (S 2 × S 2 ) j → (S 2 × S 2 ) j be an orientation preserving diffeomorphism which acts as −1 on H + ((S 2 × S 2 ) j ). Applying an isotopy to f j if necessary, we can assume that there exists an open neighbourhood N j of a point of (S 2 × S 2 ) j on which f j acts as the identity. For 1 ≤ j < a, we attach (S 2 × S 2 ) j to (S 2 × S 2 ) j+1 by removing open balls from N j , N j+1 and identifying their boundaries. In this way f 1 , . . . , f a act as commuting diffeomorphisms on
